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ABSTRACT. In this article, exponential contraction in Wasserstein distance for heat semi-
groups of diffusion processes on Riemannian manifolds is established under curvature con-
ditions where Ricci curvature is not necessarily required to be non-negative. Compared to
the results of Wang (2016), we focus on explicit estimates for the exponential contraction
rate. Moreover, we show that our results extend to manifolds evolving under a geomet-
ric flow. As application, for the time-inhomogeneous semigroups, we obtain a gradient
estimate with an exponential contraction rate under weak curvature conditions, as well as
uniqueness of the corresponding evolution system of measures.
1. INTRODUCTION
Let M be a d-dimensional connected Riemannian manifold and consider the operator
L = ∆+ Z where ∆ is the Laplace-Beltrami operator and Z a C1-vector field on M. We
denote by Xt the diffusion process with generator L, which is characterized by the property
that for any test function f onM, the relation
d f (Xt)−L f (Xt)dt = 0, modulo differentials of martingals,
holds in the Itoˆ sense. Throughout the paper we assume that the L-diffusion process is
non-explosive. This holds true, in particular, when the Bakry-E´mery Ricci curvature of M
is bounded from below, that is, for some real constant K,
RicZ(X ,X) := Ric(X ,X)−〈∇XZ,X〉 ≥ K|X |2, X ∈ TxM, x ∈M. (1.1)
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Let Pt be the Markov transition semigroup associated to Xt and µPt be the law of Xt with
initial distribution µ . It is well known that there are various functional inequalities on Pt
which all give conditions equivalent to the curvature condition (1.1), see [3, 14].
In this article, we investigate Lq-Wasserstein contraction inequalities (q ≥ 1) for µPt .
Denote by P(M) the set of probability measures on M. On P(M) the Lq-Wasserstein
distance is defined as
Wq(µ1,µ2) := inf
pi∈C (µ1,µ2)
(∫∫
M×M
ρ(x,y)q dpi(x,y)
)1/q
, µ1,µ2 ∈P(M),
where ρ denotes the Riemannian distance onM and C (µ1,µ2) consists of all couplings of
µ1 and µ2. The Wasserstein distance has various characterizations and plays an important
role in the study of SDEs, partial differential equations, optimal transportation problem,
etc. For more background, one may consult [12, 9, 14] and the references therein.
The Lq-Wasserstein distanceWq on P(M) will be used to quantify the time evolution
of (µPt)t≥0,µ∈P(M). A typical phenomenon of interest for the system (µPt)t≥0,µ∈P(M) is
exponential contraction in the Wasserstein distance, i.e.
Wq(µ1Pt ,µ2Pt)≤ c e−κtWq(µ1,µ2), t ≥ 0, q≥ 1, (1.2)
with positive constants c and κ . We refer the reader to [7, 8, 11, 16] for work in this
direction on the Euclidean spaceM=Rd . WhenM is a Riemannian manifold, for instance,
under the curvature condition
RicZ(X ,X)≥ κ |X |2 (1.3)
with κ ≥ 0, the exponential contraction (1.2) holds with c = 1 and κ the curvature bound
in (1.3). Moreover, it is well-known that inequality (1.2) with c= 1 is actually equivalent to
the lower curvature bound (1.3). For certain cases, when RicZ is not bounded from below
by zero, Wang [15] showed that the following inequality holds: for any q≥ 1,
Wq(δxPt ,δyPt)≤ ce−λ t
(
ρ(x,y)∨ρ(x,y)1/q
)
(1.4)
for some constant c> 1 and λ > 0.
In order to weaken condition (1.3) as in [15], let us first recall the definition of the index:
IZ(x,y) = I(x,y)+ 〈Z,∇ρ(·,y)〉+ 〈Z,∇ρ(·,x)〉, x,y ∈M,
where
I(x,y) =
∫ ρ(x,y)
0
d−1
∑
i=1
{|∇γ˙Ji|2−〈R(γ˙,Ji)γ˙,Ji〉}(γs)ds.
Here ρ is the distance function, R the Riemann curvature tensor of M, γ : [0,ρ(x,y)]→M
the minimal geodesic from x to y with unit speed, (Ji)i=1,...,d−1 are Jacobi fields along γ
such that
Ji(y) = Px,yJi(x), i= 1, . . . ,d− 1,
for the parallel transport Px,y : TxM → TyM along the geodesic γ , and {γ˙(s),Ji(s) : 1 ≤
i ≤ d− 1} (s = 0, ρ(x,y)) is an orthonormal basis of the tangent space (at point x and
y, respectively). Note that when (x,y) ∈ Cut(M), that is if x is in the cut-locus of y, the
minimal geodesic may be not unique. As it is a common convention in the literature, all
conditions on the index IZ are supposed to hold outside of Cut(M). If there exists positive
constants K1 and K2 such that
IZ(x,y)≤ ((K1+K2)1{ρ(x,y)≤r0}−K2)ρ(x,y) (1.5)
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and RicZ is bounded below, then (1.2) holds with κ > 0 and c> 1 for any q≥ 1, see [15].
This is the case, for instance, when RicZ is positive outside a compact set. It is crucial that
the exponential rate λ is independent of p. Due to the equivalence of (1.2) with c= 1 and
(1.3), in the negative curvature case it is essential that c> 1.
In this paper, we give quantitative estimates of κ and c by constructing a suitable auxil-
iary function. We begin the discussion with a more general condition (see Assumption (A1)
below) which includes situation (1.5). Actually, we rewrite condition (1.5) as follows:
IZ(x,y)≤ k1− k2ρ(x,y),
for some constants k1 ≥ 0 and k2 > 0. Then, for p > 1, t ≥ 0, and x,y ∈M, we obtain (see
Corollary 2.5 below) that
Wp(δxPt ,δyPt)≤
(
1+
2k1
k2
)(p−1)/p
exp
(
k21
pk2
− k2
2pek
2
1/k2
t
)(
ρ(x,y)∨ρ(x,y)1/p
)
.
Note that the constant k2/(2e
k21/k2) is independent of p.
In the second part of the paper, we extend the results from Riemannian manifolds to the
differentiable manifolds carrying a geometric flow of complete Riemannian metrics. More
precisely, for some Tc ∈ (−∞,∞], we consider the situation of a d-dimensional differen-
tiable manifoldM equippedwith aC1 family of complete Riemannian metrics (gt)t∈(−∞,Tc).
Let Lt = ∆t +Zt , where ∆t is the Laplace-Beltrami operator associated with the metric gt
and (Zt)t∈[0,Tc) is aC
1-family of vector fields onM. Assume that the diffusion process (Xt)
generated by Lt is non-explosive before time Tc (see [1] for detailed construction). Let Ps,t
be the corresponding time-inhomogeneous semigroup.
In [4], the first author has shown that if(
RicZt −
1
2
∂tgt
)
(X ,X)(x)≥ κ |X |2t (x)
for some positive constant κ , where RicZt is defined as in (1.1) for the manifold (M,gt), then
exponential contraction in Lp-Wasserstein distance holds with respect to the gt -Riemannian
distance ρt .
In this paper, we consider situations where RicZt − 12∂tgt is not necessarily bounded
below by zero. More precisely, assuming that there exists a real-valued function k such
that liminfr→∞ k(r)> 0 and(
RicZt −
1
2
∂tgt
)
(X ,X)(x)≥ k(ρt(x))|X |2t (x),
we prove that
W˜p,s(µ1Ps,t ,µ2Ps,t)≤ ce−
1
p λ (t−s)W˜p,t(µ1,µ2), t ≥ s, p≥ 1, (1.6)
holds for some positive constants c and λ , where
W˜p,t(µ1,µ2) = inf
pi∈C (µ1,µ2)
(∫
M×M
ρt(x,y)
p∨ρt(x,y)pi(dx,dy)
)1/p
.
Moreover, in Theorem 3.1 we give estimates for the constants c and λ and apply these
results to estimates of the semigroup.
Furthermore, we use theW1,t -contraction property to prove uniqueness of the evolution
system of measures. It is well known that invariant measure provide important tools in the
study of the long behavior of diffusion processes. When it comes to time-inhomogeneous
diffusions, the evolution system of measures plays a role similar to the invariant measure.
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In [5], the first two authors investigated existence and uniqueness of evolution systems
of measures. In particular, they found that W1-contraction of the distance helps to prove
uniqueness properties (see [5] for details). Since now the W1-contraction is established
even in cases when the lower bound of the curvature may be negative, this allows to im-
prove the result in [5] where a uniform lower curvature bound had been imposed for each
time. Inspired by this, in Section 4, we consider uniqueness of the evolution system of
measures under a new relaxed curvature condition which allows a lower bound of curva-
ture depending on the radial distance (see Theorem 3.5). It is surprising that under this new
condition, a type of dimension-free Harnack inequality can be derived which then may be
used to obtain supercontractivity of the semigroup Ps,t (see Theorem 3.7).
The paper is structured as follows. In Section 2, we investigate (1.4) by constructing
a suitable coupling (X ,Y ) and using a new auxiliary function to measure the distance of
X and Y . Our result in this section can be applied to the time-inhomogeneous diffusion
process on manifolds carrying geometric flows in Section 3. Section 4 is devoted to the
study of existence of evolution system of measures under the new kind of curvature condi-
tion. Finally, supercontractivity of the semigroup Ps,t with respect to the evolution system
of measure is studied by establishing dimension-free Harnack inequalities.
2. EXPONENTIAL CONTRACTION IN WASSERSTEIN DISTANCE
We begin this section by specifying our assumptions.
Assumption (A1). There exist a non-negative continuous function k1 on (0,∞), a positive
constant k2 and and a constant θ ≥ 0 such that
IZ(x,y)≤ k1(ρ(x,y))− k2ρ(x,y)1+θ (2.1)
and such that for some positive constants r0 and k3 (with k3 < k2) the following two condi-
tions hold:
(1) k1(r)− k2r1+θ ≤−k3r1+θ , for r ≥ r0,
(2)
∫ r
0 k1(v)dv< ∞, for each r > 0.
Remark 2.1. Note that if RicZ(x) ≥ k(ρ(x)) and liminfr→∞ k(r) > 0, then there exist
constants k1 and k2 such that
IZ(x,y)≤ k1− k2ρ(x,y). (2.2)
In this case, Assumption (A1) is satisfied with k1 a non-negative constant and θ = 0.
We now state some exponential contraction inequalities for the Wasserstein distance
with explicit estimates of the decay rate.
Theorem 2.2. Suppose that Assumption (A1) holds. Then,
(i) for p> 1, t ≥ 0, and x,y ∈M, we have
Wp(δxPt ,δyPt)≤ cp e−λ t/p(ρ(x,y)∨ρ(x,y)1/p),
where
cp = (1+ r0)
(p−1)/p exp
(
1
4p
∫ r0
0
k1(r)dr+
k2
8p
r2+θ0
)
and
λ = k3r
θ
0 exp
(
−1
4
∫ r0
0
k1(r)dr− k2
8
r2+θ0
)
;
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(ii) for t ≥ 0, µ1,µ2 ∈P(M) and p > 1, we have
W˜p(µ1Pt ,µ2Pt)≤ cp e−λ t/pW˜p(µ1,µ2),
where
W˜p(µ1,µ2) = inf
pi∈C (µ1,µ2)
(∫
M×M
ρ(x,y)p∨ρ(x,y)pi(dx,dy)
)1/p
;
(iii) for t ≥ 0 and µ1,µ2 ∈P(M), we have
W1(µ1Pt ,µ2Pt)≤ c1 e−λ tW1(µ1,µ2).
Remark 2.3. Since r0 and k3 are independent of p, the constant λ in Theorem 2.2 also
does not depend on p. Moreover, although cp depends on p, it can be controlled by a
constant independent of p:
cp = (1+ r0)
(p−1)/p exp
(
1
4p
∫ r0
0
k1(r)dr+
k2
8p
r2+θ0
)
≤ (1+ r0)exp
(
1
4
∫ r0
0
k1(r)dr+
k2
8
r2+θ0
)
.
For the proof of Theorem 2.2, the function ψ defined below and its properties will be
crucial. First let σ ∈ C1([0,∞)) be a function satisfying 0 < σ ≤ 1 for r ∈ (r0,r0 + 1),
σ ≡ 1 for r ≤ r0 and σ ≡ 0 for r ≥ r0+ 1. Furthermore, define
ℓ0(r) = 4p
2r2(p−1)/pσ(r1/p)2,
ℓ1(r) = pr
1−1/pk1(r1/p)− pk2r1+θ/p+ 4p(p− 1)r1−2/pσ(r1/p)2,
and let
ℓ(r) = pk2r
θ
0 r1[0,rp0 )
+
(
p− 1
p
ℓ0(r)
r
− ℓ1(r)
)
1[r
p
0 ,∞)
.
Since θ ≥ 0, it is obvious that for r ∈ (0,r0),
k1(r)− k2rθ+1 >−k2rθ0 r. (2.3)
We thus have ℓ1+ℓ> 0, according to the definitions of ℓ1 and ℓ. Next, consider the function
ψ(r) =
∫ r
0
exp
(
−
∫ u
r
p
0
ℓ1(v)+ ℓ(v)
ℓ0(v)
dv
)
du. (2.4)
The following lemma collects properties of ψ .
Lemma 2.4. Let k1,k2,k3,θ and r0 be given by Assumption (A1). The function ψ in (2.4)
is well defined, twice differentiable on (0,∞), and satisfies ψ ′ > 0 and ψ ′′ < 0. In addition,
(i) for r > 0, we have
ℓ1(r)ψ
′(r)+ ℓ0(r)ψ ′′(r) =−ℓ(r)ψ ′(r);
(ii) there exist positive constants c˜1 and c˜2 such that
c˜1r
1/p ≤ ψ(r)≤ c˜2r1/p
where
c˜1 = pr
p−1
0 and c˜2 = pr
p−1
0 exp
(
1
4
∫ r0
0
k1(r)dr+
k2
8
r2+θ0
)
;
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(iii) for any r > 0,
ℓ(r)ψ ′(r)≥ λ ψ(r),
where
λ = k3r
θ
0 exp
(
−1
4
∫ r0
0
k1(r)dr− k2
8
r2+θ0
)
.
Proof. The first assertion is immediate from the definition of ψ . For 0 < r < rp0 , we have
σ(r1/p) = 1 and then
∫ r
r
p
0
ℓ(v)+ ℓ1(v)
ℓ0(v)
dv=
∫ r
r
p
0
(
k1(v
1/p)
4pv1−1/p
+
p− 1
p
v−1− k2v
−1+ 2+θp
4p
+
k2r
θ
0 v
−1+ 2p
4p
)
dv.
As k1,k2 satisfy (2.3), we find∫ r
r
p
0
ℓ(v)+ ℓ1(v)
ℓ0(v)
dv≤ lnr(p−1)/p− lnrp−10 (2.5)
and∫ r
r
p
0
ℓ(v)+ ℓ1(v)
ℓ0(v)
dv≥ lnr(p−1)/p− lnrp−10 −
∫ rp0
0
k1(v
1/p)
4pv1−1/p
dv−
∫ rp0
0
kv
−1+ 2p
4p
dv. (2.6)
Combining (2.5) and (2.6), we conclude that
r
p−1
0 r
(1−p)/p ≤ ψ ′(r)≤ exp
(
1
4
∫ r0
0
k1(r)dr+
k
8
r20
)
r
p−1
0 r
(1−p)/p.
This implies
c˜1r
1/p ≤ ψ(r)≤ c˜2r1/p, 0< r < rp0 , (2.7)
where
c˜1 := pr
p−1
0 and c˜2 := p exp
(
1
4
∫ r0
0
k1(r)dr+
k
8
r20
)
r
p−1
0 .
On the other hand, for r ≥ rp0 , we have∫ r
r
p
0
ℓ(u)+ ℓ1(u)
ℓ0(u)
du=
p− 1
p
∫ r
r
p
0
1
u
du=
p− 1
p
(lnr− p lnr0)
which gives
ψ(r) = ψ(rp0 )+
∫ r
r
p
0
exp
(
−
∫ u
r
p
0
ℓ1(v)+ ℓ(v)
ℓ0(v)
dv
)
du
= ψ(r
p
0 )+ p
(
r1/pr
p−1
0 − rp0
)
.
Moreover,
ψ ′(r) = rp−10 r
(1−p)/p, r ≥ rp0 .
In particular, ψ is well defined. Combining this with (2.7), we obtain, for all r > 0,
c˜1r
1/p ≤ ψ(r)≤ c˜2r1/p
where
c˜1 = pr
p−1
0 ,
c˜2 = pexp
(
1
4
∫ r0
0
k1(r)dr+
k
8
r20
)
r
p−1
0 .
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Using the condition k1(r)− k2r1+θ ≤ −k3r1+θ on [rp0 ,∞) and the above estimates for ψ
and ψ ′, we arrive at
ℓ(r)ψ ′(r)≥
(
k2r
θ
0 pr1[0,rp0 )
+ k3pr
1+ θp1[r
p
0 ,∞)
)
ψ ′(r)
≥ prp−10
(
k2r
θ
0 1[0,r
p
0 )
+ k3r
θ
01[r
p
0 ,∞)
)
r1/p
≥min{k2,k3}rθ0 exp
(
−1
4
∫ r0
0
k1(r)dr− k
8
r20
)
ψ(r)
= λ ψ(r). 
Proof of Theorem 2.2. Consider the operator L= ∆+Z where Z is a vector field onM. Let
dI denote the Itoˆ differential onM. Then the L-diffusion process Xt is obtained as solution
to the Itoˆ-SDE
dIXt =
√
2utdBt +Z(Xt)dt, X0 = x, (2.8)
where (Bt)t≥0 is a d-dimensional standard Brownian motion onRd and (ut)t≥0 a horizontal
lift of (Xt)t≥0 to the orthonormal frame bundle overM. The idea is to construct the coupling
for short distance by reflection and for long distance by parallel displacement. To this end,
we choose a cut-off function σ ∈ C1([0,∞)) as before, that is a function σ ∈ C1([0,∞))
satisfying 0 < σ ≤ 1 when r ∈ (r0,r0+ 1), and σ ≡ 0 when r ≥ r0 + 1 and σ ≡ 1 when
r ≤ r0. For (x,y) /∈ Cut(M), let
Mx,y : TxM→ TyM, v 7→ Px,yv− 2〈v, γ˙〉(x)γ˙(y)
be the mirror reflection, where γ is the minimal geodesic from x to y. We rewrite SDE (2.8)
as
dIXt =
√
2
(
σ(ρ(Xt ,Yt))utdB
′
t +
√
1−σ(ρ(Xt,Yt))2 utdB′′t
)
+Z(Xt)dt,
where B′t and B′′t are two independent Brownian motions. Now define Yt as solution to the
following SDE onM with initial condition Y0 = y:
dIYt =
√
2
(
σ(ρ(Xt ,Yt))MXt ,YtutdB
′
t +
√
1−σ(ρ(Xt,Yt))2PXt ,YtutdB′′t
)
+Z(Yt)dt. (2.9)
Since the coefficients of the SDE are at leastC1 outside the diagonal {(z,z) : z ∈M}, there
is a unique solution up to the coupling time
T := inf{t ≥ 0: Xt = Yt}.
As usual, we let Xt =Yt for t ≥ T . We ignore here technical difficulties related to a possibly
non-empty cut-locus Cut(M). It is well known how to deal with these issues, see for
instance [13, Chapt. 2] or [2, Sect. 3] for details. The presence of a cut-locus actually
facilitates the coupling; it decreases the distance of the two marginal processes.
Next, we have by Itoˆ’s formula,
dρ(Xt ,Yt)≤ 2
√
2σ(ρ(Xt ,Yt))dbt + I
Z(Xt ,Yt)dt
≤ 2
√
2σ(ρ(Xt ,Yt))dbt +
(
k1(ρ(Xt ,Yt))− k2ρ(Xt ,Yt)1+θ
)
dt, t ≤ T,
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where bt is a one-dimensional Brownian motion on R. Thus,
dρ(Xt ,Yt)
p ≤ pρ(Xt ,Yt)p−1dρ(Xt ,Yt)+ 1
2
p(p− 1)ρ(Xt,Yt)p−2d〈ρ〉t
≤ pρ(Xt ,Yt)p−1
{
2
√
2σ(ρ(Xt ,Yt))dbt +
(
k1(ρ(Xt ,Yt))− k2ρ(Xt ,Yt)1+θ
)
dt
}
+ 4p(p− 1)σ(ρ(Xt,Yt))2ρ(Xt ,Yt)p−2dt, t ≤ T,
where 〈ρ〉t denote the quadratic variation of ρ(Xt ,Yt).
Taking this calculation into account, our next step is to look at properties of the process
ψ(ρ(Xt ,Yt)
p). First of all, by Itoˆ’s formula, we have
dψ(ρ(Xt ,Yt)
p)≤ ψ ′(ρ(Xt ,Yt)p)
(
2
√
2pρ(Xt ,Yt)
p−1σ(ρ(Xt ,Yt))dbt + ℓ1(ρ(Xt ,Yt)p)dt
)
+ψ ′′(ρ(Xt ,Yt)p)ℓ0(ρ(Xt ,Yt)p)dt
= dMt − ℓ(ρ(Xt ,Yt)p)ψ ′(ρ(Xt ,Yt)p)dt, t ≤ T,
where
dMt = 2
√
2pψ ′(ρ(Xt ,Yt)p)ρ(Xt ,Yt)p−1σ(ρ(Xt ,Yt))dbt .
By means of Lemma 2.4 (iii), we get
dψ(ρ(Xt ,Yt)
p)≤ dMt −λ ψ(ρ(Xt ,Yt)p)dt, t ≤ T.
Let τn = {t ≥ 0 : ρ(Xt ,Yt) /∈ [1/n,n]}. Then τn ↑ T as n→ ∞, and for s≤ t,
Eψ(ρ p(Xt∧τn ,Yt∧τn))
≤ Eψ(ρ p(Xs∧τn ,Ys∧τn))−λ
∫ t
s
Eψ(ρ(Xr∧τn ,Yr∧τn)
p)dr. (2.10)
From now on, for the sake of brevity, we simply write ρ pt := ρ(Xt ,Yt)
p. Since ψ(0) = 0
and Xt = Yt for t ≥ T , we have
Eψ(ρ pt∧T ) = E
[
ψ(ρ pt )1{t<T}
]
+E
[
ψ(ρ pT )1{t≥T}
]
= Eψ(ρ pt ). (2.11)
Letting n→ ∞ of (2.10) and using (2.11), we conclude that
Eψ(ρ pt )≤ Eψ(ρ ps )−λ
∫ t
s
Eψ(ρ pr )dr.
Thus, letting
f (t) = Eψ(ρ pt ),
we obtain
f (t)≤ f (s)−λ
∫ t
s
f (r)dr.
For the function
U(t) = e−λ t ψ(ρ(x,y)p),
it is immediate that
U(t) =U(s)−λ
∫ t
s
U(r)dr, U(0) = ψ(ρ(x,y)p).
This implies
f (t)≤U(t), t ≥ 0.
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Actually assume that there exists t0 > 0 such that f (t0) ≥U(t0). Setting t1 = sup{s ≤ t0 :
f (s)≤U(s)}, by the continuity of f andU , we obtain that f (t1) =U(t1) and f (r)>U(r)
for r ∈ (t1, t0). From this we conclude that
f (t)≤ f (t1)−λ
∫ t
t1
f (r)dr <U(t1)−λ
∫ t
t1
U(r)dr =U(t),
that is
Eψ(ρ(Xt ,Yt)
p)≤ e−λ t ψ(ρ(x,y)p). (2.12)
Recall from Lemma 2.10 (ii) that there exist two constants c˜1 and c˜2 such that
c˜1r
1/p ≤ ψ(r)≤ c˜2r1/p. (2.13)
Combining (2.13) with (2.12) we obtain the following estimate:
Eρ(Xt ,Yt)≤ 1
c˜1
Eψ(ρ(Xt ,Yt)
p)≤ c˜2
c˜1
e−λ t ρ(x,y). (2.14)
Recall that
dψ(ρ(Xt ,Yt)
p)≤ dMt − ℓ(ρ(Xt ,Yt)p)ψ ′(ρ(Xt ,Yt)p)dt.
Since σ(ρ(Xt ,Yt)) = 0 for ρ(Xt ,Yt) ≥ r0 + 1 while dψ(ρ(Xt ,Yt)p) < 0 when ρ(Xt ,Yt) ≥
r0+ 1, we have
ψ(ρ(Xt ,Yt)
p)≤ ψ((r0+ 1)p∨ρ p(x,y)),
which together with (2.14) implies
E
(x,y) [ρ(Xt ,Yt)
p]≤ ((1+ r0)∨ρ(x,y))p−1E[ρ(Xt ,Yt)]
≤ c˜2
c˜1
e−λ t(1+ r0)p−1ρ(x,y)∨ρ(x,y)p. 
According to Remark 2.1, under the assumption that
liminf
ρ(x)→∞
RicZ(x)> 0,
we can find positive constants k1 and k2 such that
IZ(x,y)≤ k1− k2ρ(x,y),
and then by Theorem 2.2, there exist constants c and λ such that (1.4) holds. More pre-
cisely, we have now the following results with explicit values for c and λ .
Corollary 2.5. Assume that
IZ(x,y)≤ k1− k2ρ(x,y), (2.15)
for some constants k1 ≥ 0 and k2 > 0. Then,
(i) for p> 1, t ≥ 0, and x,y ∈M,
Wp(δxPt ,δyPt)≤
(
1+
2k1
k2
)(p−1)/p
exp
(
k21
pk2
− k2
2pek
2
1/k2
t
)
(ρ(x,y)∨ρ(x,y)1/p);
(ii) for p> 1, t ≥ 0 and µ1,µ2 ∈P(M),
W˜p(µ1Pt ,µ2Pt)≤
(
1+
2k1
k2
)(p−1)/p
exp
(
k21
pk2
− k2
2pek
2
1/k2
t
)
W˜p(µ1,µ2),
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where
W˜p(µ1,µ2) = inf
pi∈C (µ1,µ2)
(∫
M×M
ρ(x,y)p∨ρ(x,y)pi(dx,dy)
)1/p
;
(iii) in particular, for t ≥ 0,
E
(x,y)ρ(Xt ,Yt)≤ exp
(
k21
k2
− k2
2ek
2
1/k2
t
)
ρ(x,y).
Proof. By assumption, we have
IZ(x,y)≤ k1− k2ρ(x,y).
Let r0 = 2k1/k2. Then, for r ≥ r0, we have k1 ≤ k2r/2, or equivalently,
k1− k2r ≤−1
2
k2r.
Thus, we find k3 = k2/2 and
λ = k3 exp
(
−1
4
∫ r0
0
k1 dr− k2
8
r20
)
=
k2
2
exp
(
−k
2
1
k2
)
.
Substituting the explicit constants in the results of Theorem 2.2, we complete the proof.

Corollary 2.6. Keeping the assumptions as in Theorem 2.2, we have
|∇Pt f | ≤ c1 e−λ t ‖∇ f‖∞
for any t ≥ 0 and any f ∈C∞0 (M), where c1 and λ are the constants given in Theorem 2.2.
Proof. For f ∈C∞0 (M), according to the definition of |∇Pt f |, we have
|∇Pt f |(x) = lim
ρ(x,y)→0
∣∣∣∣Pt f (x)−Pt f (y)ρ(x,y)
∣∣∣∣
= lim
ρ(x,y)→0
E
(x,y)
[
f (Xt)− f (Yt)
ρ(Xt ,Yt)
ρ(Xt ,Yt)
ρ(x,y)
]
≤ c1 e−λ t ‖∇ f‖∞
for t ≥ 0. 
3. EXPONENTIAL CONTRACTION IN WASSERSTEIN DISTANCE ON EVOLVING
MANIFOLDS
In this section, we deal with the case that the underlying manifold carries a geomet-
ric flow of complete Riemannian metrics. More precisely, we consider a d-dimensional
differentiable manifold M equipped with a C1 family of complete Riemannian metrics
(gt)t∈(−∞,Tc) for some Tc ∈ (−∞,∞]. We denote the interval (−∞,Tc) by I.
We first give some quantitative results concerning exponential contraction in Wasser-
stein distance over evolving manifolds. As application, we use theW1-contraction inequal-
ity to derive a gradient inequality and uniqueness for the evolution system of measure.
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3.1. Main results. Let ∇t be the Levi-Civita connection and ∆t the Laplace-Beltrami op-
erator associated with the Riemannian metric gt . In addition, let (Zt)t∈[0,Tc) be aC
1-family
of vector fields onM. We set
IZ(t,x,y) = I(t,x,y)+ 〈Zt ,∇tρt(·,y)〉t + 〈Zt ,∇tρt(· ,x)〉t
where
I(t,x,y) =
∫ ρt(x,y)
0
d−1
∑
i=1
{
|∇tγ˙Jti |2t −〈Rt(γ˙,Jti )γ˙,Jti 〉t
}
(γs)+ ∂tgt(γ˙, γ˙)(γs)ds.
Now ρt is the Riemannian distance, Rt the Riemann tensor, and γ : [0,ρt(x,y)]→ M the
minimal geodesic from x to y with unit speed, everything taken with respect to the Rie-
mannian metric gt ; in addition, {Jti }d−1i=1 are Jacobi fields along γ such that
Jti (y) = P
t
x,yJ
t
i (x), i= 1, . . . ,d− 1,
in terms of the parallel transport Ptx,y : TxM→ TyM along the geodesic γ , and such that
{γ˙(s),Jti (s) : 1≤ i≤ d− 1}, s= 0, ρt(x,y)
are orthonormal bases of the tangent spaces TxM, respectively TyM, with respect to gt .
We first give a precise formulation of our assumptions in the time-dependent case.
Assumption (A2). There exist a non-negative continuous function k1 ∈C(0,∞), a positive
constant k2 and a constant θ ≥ 0 such that
IZ(t,x,y)≤ k1(ρt(x,y))− k2ρt(x,y)1+θ (3.1)
and such that there exist positive constants k3 (k3 < k2) and r0 with the property:
k1(r)− k2r1+θ ≤−k3r1+θ , r ≥ r0,
and
∫ r
0 k1(v)dv< ∞ for each r > 0.
Consider the operator Lt = ∆t +Zt where Zt is a family of vector fields which isC
1 in t.
Let (Xt) be the diffusion process generated by Lt which is assumed to be non-explosive up
to time Tc, and let Ps,t be the corresponding time-inhomogeneous semigroup.
Theorem 3.1. Assume that Assumption (A2) holds. Then
(i) for x,y ∈M, p≥ 1 and s≤ t < Tc,
Wp,t(δxPs,t ,δyPs,t)≤ cp e−λ (t−s)/p(ρs(x,y)∨ρs(x,y)1/p),
where
cp = (1+ r0)
(p−1)/p exp
(
1
4p
∫ r0
0
k1(r)dr+
k2
8p
r2+θ0
)
, (3.2)
λ = k3r
θ
0 exp
(
−1
4
∫ r0
0
k1(r)dr− k2
8
r2+θ0
)
; (3.3)
(ii) for s≤ t < Tc, p > 1 and µ1,µ2 ∈P(M), we have
W˜p,t(µ1Ps,t ,µ2Ps,t)≤ cp e−λ (t−s)/pW˜p,s(µ1,µ2),
where
W˜p,t(µ1,µ2) = inf
pi∈C (µ1,µ2)
(∫
M×M
ρt(x,y)
p∨ρt(x,y)pi(dx,dy)
)1/p
;
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(iii) for s≤ t < Tc and µ1,µ2 ∈P(M),
W1,t(µ1Ps,t ,µ2Ps,t)≤ c1 e−λ (t−s)W1,s(µ1,µ2).
Proof. Let Xt be the Lt -diffusion process, which we assume to be non-explosive. It is well
known that the process Xt solves the following SDE:
dIXt =
√
2utdBt +Zt(Xt)dt, Xs = x, (3.4)
where (Bt)t≥s is a d-dimensional Brownian motion on Rd . Here (ut)t≥s is a horizontal lift
of (xt)t≥s to the frame bundle over M such that the parallel transport utu−1s : (TxM,gs)→
(TXtM,gt) along xt is isometric. We may rewrite SDE (3.4) as
dIXt =
√
2
(
σ(ρt(Xt ,Yt))utdB
′
t +
√
1−σ(ρt(Xt ,Yt))2 utdB′′t
)
+Zt(Xt)dt,
where B′t and B′′t are two independent Brownian motion on Rd . Recall that σ ∈C1([0,∞))
is a function satisfying 0 < σ ≤ 1 when r ∈ (r0,r0 + 1), and σ ≡ 0 when r ≥ r0+ 1 and
σ ≡ 1 when r ≤ r0. Let Yt solve the following SDE onM (with initial condition Ys = y):
dIYt =
√
2
(
σ(ρt(Xt ,Yt))M
t
Xt ,Yt utdB
′
t +
√
1−σ(ρt(Xt ,Yt))2PtXt ,YtutdB′′t
)
+Zt(Yt)dt,
where PtXt ,Yt and M
t
Xt ,Yt
denote respectively the parallel transport and the mirror reflection
along the gt-geodesic connecting Xt and Yt with respect to the metric gt . Since the coef-
ficients of the SDE are at least C1 outside the diagonal {(z,z) : z ∈ M}, it has a unique
solution up to the coupling time
T := inf{t ≥ s : Xt =Yt}.
Let Xt = Yt for t ≥ T as usual. Then, by Itoˆ’s formula (see [4]), we have
dρt(Xt ,Yt)≤ 2
√
2dbt + I
Z(t,Xt ,Yt)dt
≤ 2
√
2dbt +(k1(ρt(Xt ,Yt))− k2ρt(Xt ,Yt)1+θ )dt, t ≤ T,
where bt is a one-dimensional Brownian motion on R. Moreover,
dρt(Xt ,Yt)
p ≤ pρt(Xt ,Yt)p−1 dρt(Xt ,Yt)+ 1
2
p(p− 1)ρt(Xt ,Yt)p−2d〈ρ〉t
≤ pρt(Xt ,Yt)p−1
{
2
√
2dbt +
(
k1(ρt(Xt ,Yt))− k2ρt(Xt ,Yt)1+θ
)
dt
}
+ 4p(p− 1)ρt(Xt ,Yt)p−2 dt.
Then, by the Itoˆ formula for ψ(ρt(Xt ,Yt)
p), we have
dψ(ρt(Xt ,Yt)
p)≤ ψ ′(ρt(Xt ,Yt)p)
(
2
√
2pρt(Xt ,Yt)
p−1dbt + ℓ1(ρt(Xt ,Yt)p)dt
)
+ψ ′′(ρt(Xt ,Yt)p)ℓ0(ρt(Xt ,Yt)p)dt
= dMt − ℓ(ρt(Xt ,Yt)p)ψ ′(ρt(Xt ,Yt)p)dt
where
dMt = 2
√
2pψ ′(ρt(Xt ,Yt)p)ρt(Xt ,Yt)p−1dbt .
The remaining steps are the same as in the proof of Theorem 2.2. We skip the details. 
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Remark 3.2. It is natural to ask whether contraction in Wasserstein distance still holds
when the curvature condition (3.1) is weakened as follows: there exist non-negative func-
tions k1,k2 ∈C1(I) and φ ∈C([0,∞)) such that
IZ(t,x,y)≤ k1(t)φ(ρt (x,y))− k2(t)ρt(x,y)1+θ . (3.5)
A possible way to deal with this case is to prove the result for each interval [s, t]. Assume
that for an interval [s, t]⊂ I,
IZ(u,x,y)≤ k1(s, t)φ(ρu(x,y))− k2(s, t)ρu(x,y)1+θ , u ∈ [s, t],
and there exist k3(s, t) and r0(s, t) such that
k1(s, t)φ(r)− k2(s, t)r1+θ ≤−k3(s, t)r1+θ , r ≥ r0(s, t)
and
∫ r
0 φ(u)du < ∞ for r > 0. Then, by an analogous procedure as in the proof of Theo-
rem 3.1, we get
Wp,t(δxPs,t ,δyPs,t)≤ cp(s, t)e−λ (s,t)(t−s)/p
(
ρs(x,y)∨ρs(x,y)1/p
)
.
Hence, if the coefficient cp(s, t)e
−λ (s,t)(t−s)/p converges to 0, as t− s→ ∞, we still have
contraction of the Wasserstein distance W˜p,t .
Assume that RicZt ≥ k(ρt) and liminfr→∞ k(r) > 0. Then there exist positive constants
k1 and k2 such that
I(t,x,y)≤ k1− k2ρt(x,y).
In this case, the following corollary follows directly from Theorem 3.1.
Corollary 3.3. Suppose that
IZ(t,x,y)≤ k1− k2ρt(x,y), t ∈ I (3.6)
for some non-negative constant k1 and positive constant k2. Then,
(i) for p> 1, s≤ t < Tc, and x,y ∈M,
Wp,t(δxPs,t ,δyPs,t)≤
(
1+
2k1
k2
)(p−1)/p
exp
(
k21
pk2
− k2
2pek
2
1/k2
(t− s)
)
× (ρs(x,y)∨ρs(x,y)1/p);
(ii) for s≤ t < Tc, p > 1 and µ1,µ2 ∈P(M),
W˜p,t(µ1Ps,t ,µ2Ps,t)≤
(
1+
2k1
k2
)(p−1)/p
exp
(
k21
pk2
− k2
2pek
2
1/k2
(t− s)
)
W˜p,s(µ1,µ2)
where
W˜p,s(µ1,µ2) = inf
pi∈C (µ1,µ2)
(∫
M×M
ρs(x,y)
p∨ρs(x,y)pi(dx,dy)
)1/p
;
(iii) in particular, for s≤ t < Tc,
E
(x,y)ρt(Xt ,Yt)≤ exp
(
k21
k2
− k2
2ek
2
1/k2
(t− s)
)
ρs(x,y).
We now apply Theorem 3.1 (iii) to derive gradient estimates for the 2-parameter semi-
group Ps,t .
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Corollary 3.4. Under the same conditions as in Theorem 3.1, we have
|∇sPs,t f |s ≤ c1 e−λ (t−s)
∥∥|∇t f |t∥∥∞
for any s≤ t and any f ∈C∞0 (M), where c1 and λ are defined as in (3.2) and (3.3) respec-
tively.
Proof. For f ∈C∞0 (M), according to the definition of ∇sPs,t f , we have for s≤ t,
|∇sPs,t f |s(x) = lim
ρs(x,y)→0
∣∣∣∣Ps,t f (x)−Ps,t f (y)ρs(x,y)
∣∣∣∣
= lim
ρs(x,y)→0
E
(s,(x,y))
(
f (Xt )− f (Yt)
ρt(Xt ,Yt)
ρt(Xt ,Yt)
ρs(x,y)
)
≤ c1 e−λ (t−s)
∥∥|∇t f |t∥∥∞ . 
3.2. Applications. Let us first recall the notion of an evolution system of measures for a
2-parameter semigroup. A family of Borel probability measures (µt)t∈I on M is called an
evolution system of measures for Ps,t (see [6]) if∫
M
Ps,tφdµs =
∫
φdµt , φ ∈Bb(M)
for s ≤ t < Tc. In [5], we investigated existence and uniqueness of evolution systems of
measures. The condition for uniqueness (H3) in [5, Theorem 2.3] requires that the lower
bound of RicZt − 12∂tgt depends only on time t and satisfies an integrability condition. Here
we give another condition in terms of lower bounds on RicZt − 12∂tgt depending on the
radial distance ρt .
Theorem 3.5. Suppose that there exists a function k ∈C([0,∞)) with liminfs→∞ k(s) > 0
such that
RicZt −
1
2
∂tgt ≥ k(ρt) (3.7)
and that there exist ε > 0 and x0 ∈M such that for some constant C,
3kε(t)ε + |Zt |t(x0)≤C, t ∈ I,
where
kε(t) := sup{Rict(x) : ρt(x0,x)≤ ε}. (3.8)
Then there exists a unique evolution system of measures (µs)s∈I for Ps,t .
Proof. First of all, by [10, Lemma 9], we have
(Lt + ∂t)ρ
2
t = 2ρt(Lt + ∂t)ρt + 2
≤ 2
(
Ft(ρt)−
∫ ρt
0
k(ρt(γ(s)))ds+ |Zt(x0)|t
)
ρt + 2,
where
Ft(s) =
√
kε (t)(d− 1)coth
(√
kε(t)/(d− 1)(s∧ ε)
)
+ kε(t)(s∧ ε)
and kε(t) is given by Eq. (3.8). As Ric
Z
t − 12∂tgt ≥ k(ρt) and liminfs→∞ k(s) > 0, the
function k is bounded below and there exist constants r0 > 0 and κ > 0 such that for
r ≥ r0,
k(r)≥ κ > 0.
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By straightforward estimates, using the obvious inequality coth(x)≤ 1+ 1
x
, we obtain
(Lt + ∂t)ρ
2
t ≤ 2d+
(
3kε(t)ε + |Zt |t(x0)+ 3(d− 1)ε−1
)
ρt + cρt− 2κρ2t .
Thus, if 3kε(t)ε + |Zt |t(x0)≤C, we can find constantsC1 andC2 such that
(Lt + ∂t)ρ
2
t ≤C1−C2ρ2t .
Therefore, by [5, Theorem 2.3], there exists an evolution system of measures (µs) such
that
sup
s∈(−∞,t]
µs(ρ
2
s )≤
C1
C2
< ∞.
Recall that RicZt − 12∂tgt ≥ k(ρt) with k(r) > κ > 0 for r0 > 0. Moreover, given condition
(3.7), we know that there exist positive constants k1 and k2 such that
I(t,x,y)≤−
∫ ρt(x,y)
0
(
RicZt −
1
2
∂tgt
)
(γ˙(s), γ˙(s))ds≤ k1− k2ρt(x,y).
Hence condition (3.6) in Corollary 3.3 is satisfied, and by this corollary, there exist con-
stants c1 and λ depending on k1 and k2 such that
|Ps,t f (x0)− µt( f )| =
∣∣∣∣
∫
(Ps,t f (x0)−Ps,t f (y))µs(dy)
∣∣∣∣
=
∣∣∣∣
∫
E
(s,(x0,y))
[
f (Xt )− f (Yt)
ρt(Xt ,Yt)
ρt(Xt ,Yt)
]
µs(dy)
∣∣∣∣
≤
∥∥|∇t f |t∥∥∞
∫
E
(s,(x0,y))[ρt(Xt ,Yt)]µs(dy)
≤ c1 e−λ (t−s)
∥∥|∇t f |t∥∥∞ µs(ρs)
≤ c1 e−λ (t−s)
∥∥|∇t f |t∥∥∞√C1/C2,
which implies
lim
s→−∞ |Ps,t f (x0)− µt( f )| = 0.
If there is another evolution system of measures νt , then
|µt( f )−νt( f )| ≤ lim
s→−∞(|Ps,t f (x0)− µt( f )|+ |Ps,t f (x0)−νt( f )|) = 0,
i.e. µt ≡ νt . This finishes the proof. 
Remark 3.6. Comparing the above conditions to [5, Theorem 2.3], we note that the func-
tion k(r) is only required to be positive outside a compact set. If k(r) is not bounded below
by zero, the situation is not covered by [5, Theorem 2.3].
It is well known that evolution systems of measures play a similar role in the inhomo-
geneous setting as invariant measures for homogeneous semigroups Pt . Inspired by this,
we take the system (µs)s∈I as reference measures and study the contraction properties of
the two-parameter semigroup Ps,t .
Theorem 3.7. Keeping the assumptions of Theorem 3.5 and assuming that µs(e
ερs) < ∞
for any ε > 0, the semigroup Ps,t is supercontractive.
The idea is to first establish a dimension-freeHarnack inequality under assumption (3.9)
below.
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Lemma 3.8. Suppose that there exist constants k1,k2 such that
IZ(t,x,y)≤ k1− k2ρt(x,y). (3.9)
Then, for any p > 1, the following dimension-free Harnack inequality holds:
(Ps,t f )
p(x)≤ Ps,t( f p)(y)exp
(
p
4(p− 1)
(
k21(t− s)+
4k1ρs(x,y)
ek2(t−s)+1
+
2k2ρs(x,y)
2
e2k2(t−s)−1
))
for any non-negative function f ∈Bb(M) and s≤ t < Tc.
Proof. Let Xt solve the stochastic differential equation
dIXt =
√
2utdBt +Zt(Xt)dt, Xs = x,
and let Yt solve the stochastic differential equation
dIYt =
√
2PtXt ,YtutdBt +
(
Zt(Yt)+ ξ (t,Xt ,Yt)
)
dt, Ys = y,
where the function ξ ∈C1(I×M×M) will be specified later. Since the coefficients of the
coupled SDE are at least C1 outside the diagonal {(z,z) : z ∈M}, the coupled SDE has a
unique solution up to the coupling time
τ := inf{t ≥ s : Xt = Yt}.
Let Xt = Yt for t ≥ τ as usual. By Itoˆ’s formula, we have
dρt(Xt ,Yt)≤ IZ(t,Xt ,Yt)dt− ξtdt ≤ (k1− k2ρt(Xt ,Yt)− ξt)dt, t ≤ τ, (3.10)
where ξt := ξ (t,Xt ,Yt). Now, for a fixed constant T ∈ (s,Tc), let
ξt = k1+
2k2 e
k2(t−s) ρs(x,y)
e2k2(T−s)−1 , t ≥ s.
Then ∫ T
s
(k1− ξt)ek2(t−s) dt =−ρs(x,y),
and
ρT (XT ,YT )−ρs(x,y)≤
∫ T
s
(k1− ξt)ek2(t−s) dt−
∫ T
s
ρt(Xt ,Yt)dt
≤−ρs(x,y)−
∫ T
s
ρt(Xt ,Yt)dt.
From this, it is easy to see that τ ≤ T and hence XT = YT .
Now due to Girsanov’s theorem, Y is generated by Lt under the weighted probability
measure RP where the density R is given by
R= exp
(
1√
2
∫ τ
s
〈
ξt∇
tρt(Xt , ·)(Yt),PtXt ,YtutdBt
〉
t
− 1
4
∫ τ
s
ξ 2t dt
)
.
Thus,
(Ps,T f (y))
p ≤ (Ps,T f p(x))
(
ERp/(p−1)
)p−1
.
Since τ ≤ T and
t 7→ Nt := exp
(
p√
2(p− 1)
∫ t
s
〈
ξr∇
rρr(Xr, ·)(Yr),PrXr,YrurdBr
〉
r
− p
2
4(p− 1)2
∫ t
s
ξ 2r dr
)
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is a martingale, we have ENτ = 1 and hence,
ERp/(p−1) = E
[
Nτ exp
(
p
4(p− 1)2
∫ τ
s
ξ 2r dr
)]
≤ exp
(
p
4(p− 1)2
∫ T
s
ξ 2r dr
)
= exp
(
p
4(p− 1)2
(
k21(T − s)+
4k1ρs(x,y)
ek2(T−s)+1
+
2k2ρs(x,y)
2
e2k2(T−s)−1
))
.
It follows that
(Ps,T f (x))
p ≤ (Ps,T f p(y))exp
(
p
4(p− 1)
(
k21(T − s)+
4k1ρs(x,y)
ek2(T−s)+1
+
2k2ρs(x,y)
2
e2k2(T−s)−1
))
,
as claimed. 
Proof of Theorem 3.7. As explained in the proof of Theorem 3.5, there exist positive con-
stants k1 and k2 such that (3.9) holds. Noting that (µs) is the evolution system of measures
and using Lemma 3.8, we have
1=
∫
M
Ps,t | f |p(y)µs(dy)
≥ |Ps,t f |p(x)
∫
M
exp
(
− p
4(p− 1)
(
k21(t− s)+
4k1ρs(x,y)
ek2(t−s)+1
+
2k2ρs(x,y)
2
e2k2(t−s)−1
))
µs(dy)
≥ |Ps,t f |p(x)
∫
Bs(x0,1)
exp
(
− p
4(p− 1)
(
k21(t− s)+
4k1(ρs(x)+ 1)
ek2(t−s)+1
+
2k2(ρs(x)+ 1)
2
e2k2(t−s)−1
))
µs(dy)
≥ |Ps,t f |p(x)µs(Bs(x0,1))exp
(
−pC(t− s, p,k1,k2)− p(2k1 e
k2(t−s)+k2− 2k1)
(p− 1)(e2k2(t−s)−1) ρs(x)
2
)
,
where Bs(x0,1) = {x∈M : ρs(x)≤ 1} is the unit geodesic ball (with respect to gs) centered
at x0 andC(t− s, p,k1,k2) is a constant depending on t− s, p, k1 and k2. Letting
λ =
2k1 e
k2(t−s)+k2− 2k1
(p− 1)(e2k2(t−s)−1) ,
we get
|Ps,t f |(x) ≤ exp(C(t− s, p,k1,k2))
µs (Bs(x0,1))
1/p
eλ ρ
2
s < ∞, µt(| f |p) = 1.
Therefore
µs(|Ps,t f |q)1/q ≤ exp(C(t− s, p,k1,k2))
µs(Bs(x0,1))1/p
(µs(e
λqρ2s ))1/q.
Thus if µs(e
λqρ2s )< ∞ for some s ∈ I, then Ps,t is supercontractive, i.e., ‖Ps,t‖(p,t)→(q,s) < ∞
for any 1< p < q< ∞. 
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